Abstract This paper presents a static analysis of functionally graded (FG) single and sandwich beams by using a simple and efficient 4-unknown quasi-3D hybrid type theory, which includes both shear deformation and thickness stretching effects. The governing equations and boundary conditions are derived by employing the principle of virtual works. Navier-type closed-form solution is obtained for several beams. New hybrid type shear strain shape functions for the inplane and transverse displacement were introduced in general manner to model the displacement field of beams. Numerical results of the present compact quasi-3D theory are compared with other quasi-3D higher order shear deformation theories (HSDTs).
Introduction
Functionally graded materials (FGMs) are a type of heterogeneous composite material in which the properties change gradually over one or more directions. FGMs made possible to avoid abrupt changes in the stress and displacement distributions. Currently, FGMs are alternative materials widely used in aerospace, nuclear reactor, energy sources, biomechanical, optical, civil, automotive, electronic, chemical, mechanical, and shipbuilding industries. FGMs were proposed by Bever and Duwez [1] , and after them several researchers have provided results on functionally graded plates [2] [3] [4] [5] [6] [7] [8] [9] [10] , sandwich plates [11, 12] , shells [13, 14] and beams [15] [16] [17] ; this short list gives an idea of some contribuition in the field. Carrera et al. [18] investigated the influence of the stretching effect on the static responses of functionally graded (FG) plates and shells, which is especially significant for thick FG plates. Consequently, thickness stretching effects is also necessary to include in beam formulations for the precise mechanical prediction of stresses.
As far as the authors are aware, there is limited work available for bending analysis of FG sandwich beams. Vo et al. [19] develop a quasi-3D polynomial theory with 4 unknowns to investigate the static behaviour and the effect of normal strain in FG sandwich beams for various power-law index, skin-core-skin thickness ratios and boundary conditions. In this context, the influence of non-polynomial or hybrid type shear strain shape functions were not explored to study FG beams along with C 1 HSDTs. However, it is remarkable to mention the work by Filippi et al. [20] based on Giunta et al. [15] [16] [17] beam formulation (1D Carrera's unified formulation), where trigonometric, polynomial, exponential and miscellaneous expansions are used and evaluated for various structural problems. This paper attempts to cover this gap.
In this paper, a 4-unknown hybrid type quasi-3D theory with both shear deformation and thickness stretching effects for the bending analysis of FG beams is presented. Many quasi-3D hybrid type (polynomial, non-polynomial, and hybrid) HSDTs, including the thickness expansion can be derived by using the present generalized theory. The theory complies with the tangential stress-free boundary conditions on the beam boundary surface, and thus a shear correction factor is not required. The beam governing equations and its boundary conditions are derived by employing the principle of virtual works. Navier-type analytical solution is obtained for sandwich beams subjected to transverse load for simply supported boundary conditions.
The results are compared with other quasi-3D HSDT and further referential results for the displacement and stresses of FG sandwich beams are obtained.
where subscripts m and c represent the metallic and ceramic constituents, 
Type A FG beams
The beam is composed of a FG material ( Fig. 1a) with V c given by:
Type B sandwich beams with homogeneous skins and FG core
The bottom and top skin of sandwich beams is metal and ceramic, while, the core is composed of a FG material (Fig. 1b) with c V given by [19] :
Type C sandwich beams with FG skins and ceramic core
The bottom and top skin of sandwich beams is composed of a FG material , while, the core is ceramic (Fig. 1c ) with c V given by [19] :
Theoretical displacement field
The displacement field satisfying the free surfaces boundary conditions of transverse shear stresses (and hence strains) vanishing at a point (x, /2 h  ) on the outer (top) and inner (bottom) surfaces of the beam, is given as follows: 
For deriving the equations, small elastic deformations are assumed, i.e.
displacements and rotations are small, and obey Hookes law. The starting point of the present generalized quasi-3D HSDT is the 3D elasticity theory [22] . The straindisplacement relations, based on this formulation, are written as follows: 
The linear constitutive relations are given below: The elastic coefficients ij Q vary through the thickness according to Eq. 1.
Considering the static version of the principle of virtual work, the following expressions can be obtained: 
where k represent a single-layer in the case of functionally graded sandwich beam.
The static version of the governing equations are derived from Eq. 11 by integrating the displacement gradients by parts and setting the coefficients of By substituting the stress-strain relations into the definitions of force and moment resultants (Eq. 12), the following constitutive equations are obtained: 
where:
The natural boundary conditions are of the form: 
Solution procedure
For simply-supported boundary conditions, the Navier solution is assumed to be of the form:
From Eq. 14, it can be noticed that for , , , , , 
where S = sin( x), C = cos( x) and so for, and the elements of the 3  4 matrices are the coefficients obtained after taking the second derivation of the strain expressions in Eq. 14. As is known, the strains are expressed as a function of the 4 unknowns, described in Eq. 5 and Eq. 17.
The 3  4 matrices associated with 
where, for example, In summary, substituting Eq. 17 into Eq. 13 by following the procedure described above, the following equations are obtained,
Elements of ij K in Eq. 22a can be obtained by using the matrices b) (a, v M , and the governing Eqs. 13. 
Numerical Results
The results of the present hybrid type quasi-3D HSDT with 4-unknowns contemplates the recommendations regarding the stretching effect (see Ref. [18] ). The target of this paper is present: (a) the generalized mathematical formulation for the quasi-3D HSDT with 4 unknowns; and (b) present the results of using polynomial, non-polynomial and quasi-3D hybrid type HSDTs for various FG sandwich beams.
It was not the intent of this paper to present the best quasi-3D HSDT having 4-unknowns. However, so far very accurate quasi-3D HSDT with 4 unknowns can be obtained by just using referential shear strain shape functions developed previously by the authors [7, 19] . Table 1 presents different couples of shear strain shape functions to be evaluated in the present quasi-3D HSDT with 4-unknowns. The first quasi-3D HSDT is a polynomial HSDT, the second HSDT is the well-known trigonometric quasi-3D HSDT, the third one is a resent trigonometric quasi-3D HSDT propose by Mantari and Guedes Soares [7] , and the last one is a hybrid type (which combines polynomial with nonpolynomial shape strain functions and vice versa, respectively), i.e. quasi-3D hybrid type HSDTs. For simplicity, the theories are called HSDT1, HSDT2 and so for (see Table 1 ). In case of the present quasi-3D hybrid type HSDT (HSDT4) it is important to properly select the shears strain function in order to get accurate results. However, for some hybrid shear strain functions such as exponential and trigonometric, this is not easy task. This is alleviated when one of the hybrid shears strain function is polynomial as in HSDT4 (see Mantari and Guedes Soares [7] ).
Navier solution is used to validate the bending behaviour of FG sandwich beams under an uniformly distributed load q. Displacements and stresses of symmetric and non-symmetric sandwich beams with FG material in the core or skins are calculated. Tables 2 to 5 along with the results from previous referential studies (Ref. [19] ). Table 2 presents results of non-dimensionalized maximum beam deflections, it is clear that the results agree completely with Ref. [19] . From Table 4 Fig. 2 shows strong similarities in results with Ref. [19] . Therefore, all the HSDTs presented in this paper are acceptable.
Type B: Sandwich beams with homogeneous skins FG core
In this example, bending analysis of (1-8-1) sandwich beams of Type B is performed. The results are given in Tables 6 to 9. From Tables 6 and 7 can be noticed the sligth influence of the selected shear strain shape function f(z) in the displacements and stresses results for HSDT3 and HSDT4. In Table 8 can be seen that as the value of p increases, for 5 = /h a , HSDT2, HSDT3 and HSDT4 produces different results than HSDT1 and Ref. [19] . Fig. 3 shows the maximum values of axial, normal and shear stresses for different power-law index using the HSDT4. Maximum tensile axial stress and the maximum shear stress is obtained for 10 = p at the top (ceramic-rich) surface and the top surface of core layer respectively as in Ref. [19] . However, the maximum normal stress is obtained at the bottom surface for 5 = p .
Type C: Sandwich beams with FG skins ceramic core
Finally, two types of symmetric (1-2-1) and non-symmetric (2-2-1) sandwich beams of Type C are considered. The vertical displacement and stresses for various HSDTs are given in Tables 10 to 13 . Again HSDT3 differs from the others results as p increases for the two normal stresses,  xx and  zz . Fig. 4 shows the vertical displacements along the thickness for different p values. There are some difference between symmetric and non-symmetric beams. For the symmetric beam (Figs. 5a and 6a), the maximum tensile (compressive) axial and normal stress are at the top (bottom) surface of the core layer. However, for non-symmetric ones (Figs. 5b and 6b) , the maximum tensile axial stress occurs at the top surface of core layer and while the maximum compressive normal stress occurs at the bottom surface of core layer. Fig 7 shows that the maximum shear stress for both symmetric and non-symmetric beams occurs at the midplane of the beam.
Conclusions
A generalized hybrid type quasi-3D HSDT with only 4-unknowns and stretching effects to study advanced composite beams is presented in this paper. The governing equations and boundary conditions are derived by employing the principle of virtual work. A Navier-type closed-form solution is obtained for functionally graded single and sandwich beams subjected to distribuited load for simply supported boundary conditions. The important conclusions that emerge from this paper can be summarized Further studies need to be performed for different case studies and types of FG sandwich beams, for example, exponentially graded beams.
Acknowledgment
This work has been performed due to the opportunity, confidence and special support of the following Persons: Carlos Heeren, Alberto Bejarano and Gustavo Kato. Table 1 : Shear strain shape functions. The maximum vertical displacement of FG sandwich S-S beams (Type C). Figure 1 . Geometry and coordinate of a FG sandwich beam. Tables   Table 1 . Table 2 .
Tables caption

Figures caption
Vo et al. 
